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Abstract 

We consider semi-classical solutions of membranes on the AdS^ x S 7 background. This 
is supposed to be dual to the M = 6 super Chern-Simons theory with k = 1 in a planar 
limit recently proposed by Aharony, Bergmann, Jafferis, and Maldacena (ABJM). We have 
identified giant magnon and single spike states on the membrane by reducing them to the 
Neumamm - Rosochatius integrable system. We also connect these to the complex sine- 
Gordon integrable model. Based on this approach, we find finite-size membrane solutions 
and obtain their images in the complex sine-Gordon system along with the leading finite-size 
corrections to the energy-charge relations. 



*On leave from Institute for Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, 
Bulgaria. 



1 Introduction 



After many interesting developments in the duality between type IIB string theory on 
AdS 5 x S 5 and M = 4 super Yang-Mills theory the AdS/CFT correspondence P El E] 
is now being extended into the AdS^/ CFT%. The first three-dimensional conformal field 
theory consistent with all known symmetries of M2-branes was found in [3J|. It is invariant 
under 16 supersymmetries, possesses 50(8) i?-symmetry and is conformally invariant at the 
classical level. In this model, the gauge field is nonpropagating. More recent proposal for the 
worldvolume theory of multiple M2-branes uses a Lorentzian three algebra (constructed from 
ordinary Lie algebra) [3, [6], [7j. There are more related developments recently [H El Ell ITT] - 
An alternative proposal for the theory of multiple M2-branes was made by ABJM which 
is M = 6 super Chern-Simons theory with SU(N) x SU(N) gauge symmetry and level k 
[T2] . In the limit N, k — > oo with a fixed value of 't Hooft coupling A = N/ k, this theory 
is claimed to be dual to the type IIA superstring theory on AdS& x CP 3 . For a small A, a 
leading two-loop perturbation calculation has been studied and a new integrable structure 
has been discovered [131 EH]. This motivates efforts to discover classical integrability in string 
theory side. Indeed, BMN-like states[T3], integrability [161 HZ] , and giant magnon state and 
its finite-size effect [TSJ US] in the k — > oo limit where the target space becomes AdS± x CP 3 
have been reported. 

With these developments, it is interesting to consider dual to M-theory on AdS& x S 7 
in A >> 1 limit at k = 1 by considering membranes on AdS± x S 7 . It is already known 
that there exist M2-brane configurations on AdS± x S 7 , which have properties, similar to 
some string solutions on AdS& x S 5 . In particular, some of them have description in terms 
of the Neumamm - Rosochatius (NR) integrable system [20]. The NR system has been 
proposed for the string theory on AdS$ x S 5 in [211 1221 [23]. It was also established that 
they can reproduce the continuous limit of the integrable SU(2) spin chain [21]. (See also 
|25j.) Besides, giant magnon (GM) and single spike (SS) like energy-charge relations have 
been found [261 1271 128] . It is interesting if the above achievements can be extended to 
include other string analogies. One possible task is to discover membrane configurations 
which can be related to the complex sine-Gordon (CSG) integrable system. Recently, the 
finite-size string corrections are actively investigated as a new window for the AdS/CFT 
correspondence [29l [30l [3H [321 [33l [Ml ESI [361 EH EH [39]- That is why, another direction of 
research can be to try to find analogous finite-size corrections from M2-branes on AdS^ x S 7 . 
In this paper, we extend our string results obtained in [39] to the M2-brane case. Namely, 
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we use the reduction of the M2-brane dynamics to the one of the NR integrable model, to 
map all membrane solutions described by this dynamical system onto solutions of the CSG 
integrable model. In the framework of this NR approach, we find finite size corrections to 
the membrane energy-charge relations. 

The article is organized as follows. In sect. 2 we introduce the partially gauge fixed M2- 
brane action and constraints. After reducing to the R t x S 7 subspace, we propose membrane 
embedding coordinates appropriate for our purposes. In sect. 3 we describe how the NR 
integrable system arises from the M2-brane. In sect. 4 we find relations between the param- 
eters of the membrane solutions described by this dynamical system and the parameters 
in the corresponding solutions of the CSG integrable model. GM and SS like solutions are 
considered as examples. In sect. 5 we describe finite size membrane solution, its image in 
the complex sine-Gordon system, and the leading corrections to the energy-charge relations 
analogous to the GM and SS strings on R t x S 3 . We conclude the paper with some comments 
in Sect. 6. 



2 Membranes on AdS* x S 7 



We begin with the following membrane action 



S 



Goo - 2X j G 0j + XX'Gij - (2A°T 2 ) 2 det G 



+ T2C012 



(2.1) 



where 



G m n = 9MN{X)d m X 8 n X , C 12 = C M NP (X)d X M d 1 X N d 2 X F , 

d m = d/dC, m=(0,z) = (0,1,2), 
(?,£ 1 ,£ 2 ) = {T,<r 1 ,a 2 ), M=(0,l,...,10), 

are the fields induced on the membrane worldvolume from the background metric gMN and 
the background 3-form gauge field cmnp, A m are Lagrange multipliers, x M = X M (£) are the 
membrane embedding coordinates, and T 2 is its tension. As shown in [40] , the above action 
is classically equivalent to the Nambu-Goto type action 



S NG = -T 2 J (V-detG mn - ^e^d^d^dpX 1 



CMNP 



and to the Polyakov type action 



-7 (l mn G mn - 1) - -e mnp d m X M d n X N d p X p c MNP 



where 7"™ is the auxiliary worldvolume metric and 7 = det7 mn . In addition, the action 
( 12. ip gives a unified description for the tensile and tensionless membranes. 



The equations of motion for the Lagrange multipliers X m generate the constraints 

Goo - 2A J 'G 0i + X*X j Gij + (2A°T 2 ) 2 det G ti = 0, (2.2) 
G 0j - \ % G t , = 0. (2.3) 

Further on, we will work in diagonal worldvolume gauge A* = 0, in which the action (12.11) 
and the constraints (I2.2p . (12.31) simplify to 

S M = J d^C M = J ^|^[Goo-(2A T 2 ) 2 detG i ,] + T 2 C 012 \, (2.4) 

G 00 + (2A T 2 ) 2 detG ij = 0, (2.5) 
G 0i = 0. (2.6) 

Let us note that the action (12 ,4p and the constraints (12. 5p . (12.61) coincide with the usually 
used gauge fixed Polyakov type action and constraints after the following identification of 
the parameters 2A°T 2 = L = const (see for instance [4"T]). 



Searching for membrane configurations in AdS^ x S 7 , which correspond to the Neumann 
or Neumann-Rosochatius integrable systems, we should first eliminate the membrane inter- 
action with the background 3-form field on AdS^, to ensure more close analogy with the 
strings on AdS§ x 5 5 . To make our choice, let us write down the background. It can be 
parameterized as follows 

ds 2 = TZ 2 [- cosh 2 pdt 2 + dp 2 + sinh 2 p (da 2 + sin 2 ad/3 2 ) + AdVL 2 ] , 
C( 3 ) = TZ 3 sinh 3 p sin adt A da A d(5. 

Since we want the membrane to have nonzero conserved energy on AdS, the simplest 
choice for which the interaction with the c^ field disappears, is to fix the coordinates p, a 
and (5: p = 0, a, (3 = constants. Thus, we restrict our considerations to membranes moving 
on the R t x S 7 subspace of AdS± x S 7 with metric 

ds 2 sub = TZ 2 {-dt 2 + 4 [dip 2 + cos 2 ipidcpl 

+ sin 2 ipi [dip 2 + cos 2 ip2dpl + sin 2 ip 2 (dip 2 + cos 2 ip2,dtp\ + sin 2 ip 3 dLf1))~\ } . 

The membrane embedding into R t x S* 7 , appropriate for our purposes, is 

Z = TZe u ^ m \ W a = 2nr a (C)e^ m \ a = (1,2,3,4), (2.7) 



where r a are real functions of £ m , while (p a are the isometric coordinates on which the 
background metric does not depend. The four complex coordinates W a are restricted by the 
real embedding condition 



S ab W a W b - (2TZ) 2 = 0, or S ab r a r b -1 = 0. 



(2i 



The coordinates r a are connected to the initial coordinates, on which the background de- 
pends, through the equalities 

r\ = cos^i, r 2 = smip 1 cosip 2 , 

r% = sin ipi sin ip 2 cos ip3, r± = sin ip\ sin %p 2 sin ^3. 

For the embedding described above, the induced metric is given by 



K 2 



-d( m Z d n )Z + 8 ab d(rnW a d n )W h 
4 



(2.9) 



-d m td n t + 4 ^ {d m r a d n r a + r 2 a d m ip a d n ip a ) 

a=l 

Correspondingly, the membrane Lagrangian becomes 

£ = C M + A M (8 ab r a r b - 1), 
where Am is a Lagrange multiplier. 

3 NR Integrable System from M2-brane 

Let us consider the following particular case of the above membrane embedding [20 



Z = ne lKT , W a = 2nr a ^, V )e 
£ = aai + (3t, r) — 702 + 5t, 



i[w a T+i±a{£,ri)\ 



(3.1; 



which implies 



t = KT, VaiC 1 ) = (fa(r, CT 2 ) = LU a T + /i a (£, 



(3.2) 
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Here k, ui a} a, (3, 7, 5 are parameters. For this ansatz, the membrane Lagrangian takes the 
form (c?£ = d/d£, 8 n = d/drf) 



c = -—\(AX T 2 na 1 y J2 [(d^n-d^nf 



a<b=l 

22 , fa .. a „ a .. a „ \2„2 



+ {dzHadqUi, - d v ^ a d^ h ) 2 r 2 a r 2 ] 

, 2 



+ ^2 [{^ T 2 'Jla>y) {8^r a d v ii a - d„r«%x ) 2 - ((3d^ a + 5d v ^ a + io a ) 

a=l 

- J2 + 5d v r a ) 2 + (k/2) 2 \ + A M ( j^r 2 a - 1 ) • 

a=l J \a=l / 

In order to reduce the above Lagrangian to the NR one, we make the following choice 

ri = ri(£), r 2 = r 2 (0, ^3 = ±^4 = w, 
r 3 = r 3(^) = Tosin?], r 4 = r 4 (?7) = r cos?7, r < 1, 

and receive (prime is used for 
ft 



(3.3) 



£ = — 



A 



E [<^ 2 - w + <* - ^ (a - J^) - 3^ 



2 2 



+ (k/2) 2 - r V + 5 2 )} + A M 



a=l 



where A 2 = (4A T2fta7ro) 2 . A single time integration of the equations of motion for pL a 
following from the above Lagrangian gives 



C a 



~A 2 -$ 2 \r\ 



(3.4) 



where C a are arbitrary constants. Taking this into account, one obtains the following effective 
Lagrangian for the coordinates r a (£) 



2 r 



J NR 



E 

a=l 



(a 2 - py 2 - — 



A 2 - f3 2 V r 2 a 



^ + Awy a 



A 



M 



^r 2 a - (1 -r, 



a=l 



This Lagrangian, in full analogy with the string considerations [23], corresponds to particular 
case of the n-dimensional NR integrable system. For C a = one obtains the Neumann 



integrable system, which in the case at hand describes two-dimensional harmonic oscillator, 
constrained to remain on a circle of radius \/l — rZ. 



Let us write down the three constraints (|2.5p . (12.61) for the present case. To achieve more 
close correspondence with the string on AdS§ x S 5 , we want the third one, G 2 = 0, to be 
identically satisfied. To this end, since G02 ~ ?"o7<5, we set 5 = 0, i.e. 77 = 7(72. Then, the first 
two constraints give the conserved Hamiltonian H^r and a relation between the parameters: 



H 



NR 



E 

a=l 



i ( C q- 1 4222 

A 2 -/? 2 U aa 



A 2 + /3 2 
i 2 -/3 2 



[(k/2) 2 - (r^) 2 ] 



J]a; a C a + /?[(^/2) 2 -(r oW ) 2 ] =0. 

a=l 

For closed membranes, r a and fi a satisfy the following periodicity conditions 

r a (£ + 2vra) = r a (£), A*a(£ + 2vra) = /i a (£) + 27m a , 
where n a are integer winding numbers. 



(3.5) 



(3.6) 



In the case at hand, the background metric does not depend on t and (p a . Therefore, the 
corresponding conserved quantities are the membrane energy E and four angular momenta 
J a , given as spatial integrals of the conjugated to these coordinates momentum densities 



E 



d 2 a- 



dC 



Ja 



dC 



<j- 



a = 1,2,3,4. 



d(dot)' " u J d(d ip a ) 

E and J a can be computed by using the expression (12.91) for the induced metric and the ansats 
(13. ip . (13. 2p . In order to reproduce the string case, we set u = 0, and thus J3 = J4 = 0. The 
energy and the other two angular momenta are given by 

7iTL 2 K f „ , n(2TZ) 2 



E 



dnpC a + A'co a r z a 



a = 1,2. 



From here, by using the constraints (13. 5p . one obtains the energy-charge relation 



(3.7) 



A 2 - f3 2 



i 2 (l-r 2 )+/3£- 

— : U/n 



a=l 



E_ _ v~> J_o_ 

a=l 



The corresponding result for strings on AdS$ x S 5 in conformal gauge is 



\ a / a 



Obviously, the above membrane and string energy-charge relations are very similar. 
We would like to identically satisfy the embedding condition 



$> 2 -(l-r 2 ) = 0. 



0=1 



To this end we set 

r a (0 = ^l-rgsmfltf), r 2 (£) = ^1 - r 2 cos 0(0- 
Then from (13.51) one finds 



0' 



±1 



A 2 - /3 2 



(i 2 + /3 2 )£ 2 - ^f- - - i 2 (u\ sin 2 5 + w 2 2 cos 2 9) 

sin 6* cos"' u ' ' 



1/2 



(3.8) 



«/2) s 



r 2 

,2 ' °« 



0=1 



l-r 2 ) 2 ' 



By replacing the solution for received from (I3.8P into (13. 4p . one obtains the solutions 
for n a : 

A*i = TT^7 fa / + > ^ = ^—T, fa f T^L + frrf) • (3-9) 



A 2 - (3 2 V 7 sin' 



^2 _ ^2 ^ J cos 2 g 



4 Relationship between NR and CSG Systems 



The CSG system is defined by the Lagrangian 



ri ab d a ipd b ip 



1 — tjjtjj 

which give the equation of motion 



+ M A ipip, 7] ab = diag(-l,l), 



<9 a d> + ^ M^t _ m 2 (1 - = 0. 



If we represent ip in the form 



1 — tjjtjj 



if) = sin(0/2)exp(zx/2), 



the Lagrangian can be expressed as 



1 



£(0, X ) = ^ + tan 2 (0/2)9 aX 9 a X + (2M) 2 sin 2 (0/2)] , 



while the equations of motion take the form 



dad y _ 1 sin(0/2) _ M2 

r 2cos 3 (0/2) A A 

sin <p 



(4.1) 
(4.2) 



The SG system corresponds to a particular case of x — 0. 

To relate the NR with CSG integrable system, we consider the case 

= 0(0, * = An + Br + *(£), 

where and x depend on only one variable £ = an + /3r in the same way as in our NR 
ansatz ( 13. 3ft . Then the equations of motion (14. ip . (14.21) reduce to 



1 sin(0/2) 
2cos 3 (0/2) 



' Aot-BB„, A 2 -B 2 
X' 2 + 2— -fx + 



-,/, 20' („, Aa-B/3 
X + — r X + 



sm i 



a 2 -p 2 



a 2 -P 2 
-- 0. 



a 2 -p 2 



M 2 sin (j 
a 2 -p 2 



0. 



(4.3) 
(4.4) 



We further restrict ourselves to the case of Aa = Bp. A trivial solution of Eq. (l4.4p is 
X = constant, which corresponds to the solutions of the CSG equations considered in [42ll4"3] 
for a GM string on R t x S 3 . More nontrivial solution of (14.41) is 



1 ° x 1 tan 2 (0/2)' 
The replacement of the above into (14. 3 p gives 



M 2 sin . 



+ 



1 



a 2 -p 2 2 
Integrating once, we obtain 

2M 2 \ AM 2 



2 cos(0/2) A 2 sin(0/2) 
x sin 3 (0/2) P 2 cos 3 (0/2) 



(4.5) 



(4.6) 



± 



+ 



a 2 -p 2 J a 2 -p 



sin 2 (0/2) - 



A 2 /P 2 



C 



1- sin 2 (0/2) sin 2 (0/2) 



1/2 



(4.7) 



= ±$(0), 
from which we get 

m = ± 



$(0)' A - vry ■> ~xj tan 2 (0/2)$(0)' 

All these solve the CSG system for the considered particular case. It is clear from ( 14. 7p that 
the expression inside the square root must be positive. 
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After the reduction of our membrane configuration to a NR-type integrable system, we 
can establish relationship between its solutions and the solutions of the reduced CSG system, 
as described above. With this aim, we make the following identification 



sin 2 (0/2) = 



K 2 



(4.t 



where G is the determinant of the metric G mn induced on the membrane worldvolume, 
computed on the constraints (|2.5|) . (12.61) . and K 2 is a parameter. For the NR system obtained 



from the M2-brane, \/—G is given by 



TZ 2 A 2 



V^g = qS 



[(« 



~2 2\ i / 2 2\ 2 

u x ) + [UJ 1 — uj 2 ) cos 



Q 2 



1-r 2 



(4.9) 



A 2 -f3 2 LV iy ' v A ~ J ' " (A°T 2 ) 2 ' 

To relate the parameters in the solutions of the NR and CSG integrable systems, we put 
(Oj) . (Oj) into (g3D and receive 



-y 



K 2 = (QTlMy 
2 



= (QTZYM 2 



A 2 -f3 2 



1 - a 2 /(3 2 
3M 2 ~2(k 2 + Y -CI) 



M q ( M 2 - /V 2 



(4.10) 



m 4 + (m 2 - y ) y - (2M 2 - y ) (k 2 - n) 

(a; 2 - u 2 ) 



u 2 (l - 



M 1 



M 



a 2 



« 2 



i 2 



/~2 2 

— ( K — ui 



2L 2 k 2 C 2 +(k 2 -u 2 ) (T* 2 -u; 2 )]} 



1 



-M\A 2 - (3 2 )C 2 X = Y 2 (Y + n- k 2 ) 

(<*>? " f .2,. .2 .2^2 , K 2 .2x r 2 | W2 ~2^ + (~2 _ ^ ^~2 _ ^ j 



,.2(1 /3 2 



where 



y 



K 2 



cut 



l - £. ' 



1 - 



C 2 = (7 2 /i. 



A 2 A 2 

In this way, we expressed the CSG parameters C^, A and C x through the NR parameters 
A, (3, k, uji, id?, C%. The mass parameter M 2 remains free. The above equalities give 
the mapping, which relates all membrane solutions derivable from (13.81) . (13.91) with the 
corresponding solutions of the CSG system. 
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4.1 Examples: GM and SS analogues 



In particular, for the GM-type membrane solutions, for which C 2 = 0, k 2 = uf, the following 
equalities between the parameters hold 



A 2 



A 2 -(3 2 
4 



3M Z -2 w 



M 2 - uj\ + 



1 - f3 2 /A 2 



K 2 = {QTZfM 2 



u 2 



C x = 0. 



A 2 /(3 2 - 1 \ 1 -P 2 /A\ 

For the case of SS-type membrane solutions, when C 2 = 0, k 2 = lo\A 2 j (5 2 , one has 

2 



(4.11) 



C</> 
A 2 

c v 



(3 2 -A 2 
4 



2 2u)iA i /0 i + 



M 4 (l-A 2 //3 2 ) 

2a; 2 LV 2 v4 3 
M 2 (/3 2 -i 2 )/? 2 



/5 2 /A 2 - 1 
cv 2 i 2 //3 2 - M 2 ' 2 



3Af 



cj 2 



f3 2 /A 2 - 1 



-AT 



(4.12) 



K 2 = (QTZ) 2 M 2 



Let us give the membrane configurations which are analogous to the GM and SS string 
solutions on R t x S 3 . 

For the GM-like case by using that C 2 = 0, k 2 = uj\ in (ETBjl . Ml . one finds 



COS6 1 



COs6> 

cosh (-DqO 



sin # 



yUi = arctan 



cot 9q tanh(/J O 



i 2 K 2 -^ 2 )' 

(3u 2 



/'-2 



A^u 2 - u 2 ~ 

4 COS On, 

A 2 -f3 2 



A 2 -(3 2 

Then, the corresponding membrane configuration is given by 



Z = TZexp I 2i\ 1 — TqIO\T 



1^ = 27^/1-^/1- 



W, = m,x l-r, 



cos 2 9 
cosh 2 poO 
cos 6*0 



°cosh (TJoO 
W 3 = 27£r sin(7a 2 ), 

W4 = 2TZr cos(7ct 2 ). 



exp 



exp <j iuj\T + 2 arctan 



cot 6*0 tanh(7J 



IU2\T+ -~ 



A 2 - f3' 



-A 



(4.13) 



in 



For the SS-like solutions when C 2 = 0, /t 2 = u 2 A 2 /j3 2 , by solving the equations (I3.8p . 
(13. 9p . one arrives at 



/i! = — — £ — arctan 



A 2 cu 2 



D 1 



Ayf3( 



2 , ,2 



cot #i tanh(Di^) 



, A*2 



Now, the shape of the membrane is described by 



A 2 - (3 2 



cos 9%, 



puj 2 



A 2 - f3 2 



Z = "ftexp | 2«\/ 1 - r o^ UJ i T I > 



^ = 2^1-^4 1 



COS 2 #1 



cosh' (DiO 



a 



exp < — iuJ\-z <J\ — i arctan 



W2 = 2K\ 1-r, 



cos 6*i 



'°ooah(Die) eXP 
iy 3 = 2^r sin( 7 a 2 ), 

W 4 = 2TZr cos(7cr 2 ). 



IU) 2 \T+ -~ 



cot #1 tanh(Di£) 



v4 2 - (3 2 



(4.14) 



The energy-charge relations computed on the above membrane solutions were found in 
281, and in our notations read 



2 

2 V V 2 I + n 2 2 2 2 



l-r§£-4 = , (#) + £ = '4, (4.15) 



for the GM-like case, and 



1 " ^ " fcT^ 1 = — 2' y = VUJ + ^ Sm 2' 2 = 2"^' (4 - 16) 
for the SS-like solution, where 

A= [(47r) 2 T 2 ^ 3 r (l-r 2 ) 7 ] 2 . (4.17) 

For the obtained membrane solutions (I4.13p . (14.141) . one has 

\W!\ 2 + \W 2 \ 2 = (2ft) 2 (l -r 2 ), W 2 + W 2 = (2nr ) 2 . 

That is why, these membrane configurations live in the Rt X S 3 x S* 1 subspace of x S 7 . 
Besides, the radii of the three-sphere S 3 and the circle S 1 are functions of the parameter 



1 1 



r . When r approaches 1 from below, the radius of S 3 decreases, while the radius of S 1 
increases. For ro — > 0, we observe the opposite behavior. 



One may ask what happens when ro = 0. As is seen from (14.131) and (I4.14p . the membrane 
shrinks to a string in this case, because the dependence on a 2 disappears. However, this string 
has completely different properties. Indeed, by solving the Eqs. (13.81) . (13.91) . one finds the 
following string solution (now A = 0) 

Z = 1Z exp (2mr) , 
Wi 



1 



k 2 



sin 







€ exp 



K 

IU)\T + I — F 











1 - 


*)] 



R 2 



W 2 = 2Ka 1 2 sin ^ ex P 



K 







a 

-IU 2 -q<T1 



where F{n\m) is the elliptic integral of first kind. The computation of the corresponding 
conserved quantities gives 

If we set here k = u)\ as for the GM case, we obtain E — Ji/2 = 0, i.e. the vacuum state. 
The same result can be obtained directly from (I4.15p . taking into account (13 .7p . since for 
r = we have A = too. The SS case corresponds to R = 0, which leads to trivial solution 
with E = J x = J 2 = 0. 



Let us explain the obvious differences between the M2-brane energy-charge relation ( 14.151) 
and the one for dyonic GM strings on R t x S 3 , which as is well known is given by 



E-Ji 



J, 2 + 4 sin 2 ?. 



The factor yl — r 2 , comes from the fact that the NR system for membranes is defined to 
live on a circle with radius a/ 1 — r 2 , while for the strings this radius is one. The factor 
1/2 appears as a consequence of the background geometry. While the radii of AdS^ and S 5 
in the type IIB background AdS^ x S 5 are equal, the radius of AdS± is half the S 7 radius 
in the AdS^ x S 7 target space. The same applies to the SS case. Note however that such 
coefficients in the dispersion relation can also appear for strings on AdS^ x S* 5 as shown in 

Let us also write down the images of these M2-brane solutions in the CSG system. In 
order to derive them, we replace (14.111) for the GM-like case and correspondingly (14.121) for 
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the SS-like case into (j4.7p . and then use the obtained field in (14 .5p in order to find x- The 
results of the integrations are as follows: 



GM-like 



Mcosh 



x exp 



l-/3 2 /A 2 



(e/i) 



'M 2 -u 2 + u 2 /{l- (3 2 /A 2 ) 



A 2 //3 2 - 1 



a 1 + -r 



where 



SS—like 



\ 



tanh 2 (DO + 
x exp < i arctan 



LA.'., 



o; 2 (l-A 2 //3 2 )cosh 2 (DO 



W 2 



1 - A 2 //? 2 - w 2 /iv 2 tanh (DO 



D 



AwiJl- A 2 /P 2 -to 2 / cu 2 



P 2 [l- A 2 /j3 2 



We point out that the obtained ^ss-uke corresponds to M 2 = k 2 = u 2 A 2 /j3 2 , when the 
parameter A in (I4.12p becomes zero. 



5 Finite-Size Effects 

In this section we will find finite-size membrane solution, its image in the CSG system, and 
the leading corrections to the energy-charge relations analogous to the ones for the GM and 
SS strings on R t x S 3 . 

For C 2 = 0, Eq. fl3.8p can be written as 



cos I 



A 2 - [3 2 



U2 \z\ -cos 2 t9)(cos 2 t9-z 2 ), 



where 



UJ. 



r_2 /. .2 



<?l+g2 o± W (91-92) 



2 (qi + q 2 - 2gig 2 ) 



u 2 



qx = l- fi /oof, q 2 = l- f3 2 k 2 /A 2 ujf. 



(5.1) 
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The solution of (15.1 j) is 



cos^ = z + <in (C£|m) , C = =F 



A 2 -/? 2 



m = 1 — z_/z + . 



(5.2) 



The solutions of Eqs. (l3.9p now read 
2/3/A 



z + ^/l-ul/ul 
2(3uj 2 /Auji 



F (am(CO\m) - ^-^f-II [ am{C£), 



1-zi 



zl-z 2 



l-z'i 



m 



F(am(C£)\m), 



where U(k,n\m) is the elliptic integral of third kind. Therefore, the full membrane solution 
is given by 



Z = 1Zexp(2id 1 — TqHt 



W x = 2Ud I -rid I- z\dn 2 (Ci\m) exp { iu X T + 



2ip/A 



z + ^/1-uj 2 /u 2 



K 2 IbJ 2 

F (am(CO\m) - ( am(C£), 



1-zi 



zl-z 2 



i-4 









1 







2ifiu 2 Aui 

lu]2T + it 9/ 9 F (am{C£)\m) 

z + dl-u 2 /uii 



(5.3) 



W 2 = 2TZ^1 - r 2 z+dn (C£|m) exp 

W 3 = 27^rosin(7cr 2 ), 
Wi = 2TZr cos(7d 2 ). 

We note that (15.31) contains both cases: A 2 > f3 2 and A 2 < f3 2 corresponding to GM and SS 
respectively. 

To find the CSG solution related to fO]) . we insert (E2D into gSD and gJl to get 

uj 2 /M 2 



sin 2 (0/2) 



[(1 _ _ (i _ ul/ul) ( z 2 +cn 2 (CZ\m) + z 2 _sn 2 (C^\m))} . (5.4) 



(3 2 /A 2 - 1 

After that, we put (15.41) into (14. 5 p and integrate. The result is as follows 

A C 
X = ~q(^ + aT ) ~ C x( aa i + P T ) + ^ n (am(C£),n\m) , 



(5.5) 



where A/ (3 and C x are given in (I4.10p (C* 2 = 0), and 
lu 2 /M 2 



D 



f3 2 /A 2 



[(i -«>?)- (i - Wa >?) 4] 



(1-^M) (zj-z 2 d 

(i-kV^)-(i-^1H)4' 
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Hence for the present case, the CSG field ip = sin(0/2) exp(ix/2) is determined by (15.41) and 
0. 



Our next task is to find out what kind of energy-charge relations can appear for the M2- 
brane solution (15.31) in the limit when the energy E — > 00. It turns out that the semiclassical 
behavior depends crucially on the sign of the difference A — (3 2 . 

5.1 The GM analogue 



We begin with the GM analogue, i.e. A 2 > (3 2 . In this case, one obtains from (13 .7p the 
following expressions for the conserved energy E and the angular momenta Ji, J2 



S = 

Ji 
J2 



2R{1 - (3 2 / A 2 ) 



K(l-, 2 /4) 



2z 4 



2z + uj 2 



1 - (3 2 R 2 /A 2 uj 2 



K (1-^/4) -E(l-£/4) 



Here, we have used the notations 



E (1 - z 2 Jz 2 + ) . 



2tt , 

E = — Jl-r 2 E, Ji 



2tt Ji 



J2 



27T Jo 



VI " ^ V\ 2 ' ^ Vx 2 

where A is defined in (I4.17p . The computation of A(pi gives 



dO , 



2/3 /A 



k 2 /cu 2 



n 



— 



(5.6) 



(5.7) 



(5.f 



1-^/4 -k(i-, 2 /4) 



z+^l-uul/uol \l-z%~~ V 1 
In the above expressions, K(m), E(m) and U(n\m) are the complete elliptic integrals. 

Let us introduce the new parameters 



u = uj 2 /uj 1 , v = —/3/A, e = z_/z 



2 /„2 



This will allow us to eliminate k/oj\ and z± from the coefficients in ( 15. 6ft . (15 .8p and rewrite 
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them as functions of u, v and e only: 



£ = 2K e K(l-e), 

j! = 2K n [tf 12 K(l-e)-E(l-e)], 
J 2 = 2K 2 E (1 - e) , 

p = 2K vl [K^U (K„ 3 \l — e) — K (1 — e)] . 



(5.9) 



We are interested in the behavior of these quantities in the limit e — > 0. To establish it, we 
will use the expansions for the elliptic integrals and K e , . . . , K v3 given in appendix A. 

Our approach is as follows. First, we expand £ , ^Ti, J 2 and p about e = keeping u and 
v independent of e. Second, we introduce u(e) and v(e) according to the rule 



u(e) = u + u±e + u 2 e log(e), v(e) = v + v±e + v 2 e log(e) 
and expand again. Requiring J 2 and p to be finite, we find 



(5.10) 



u 

Vi 

u 2 



J? 



Ji + 4 sin 2 (p/2)' 



sin(p) 



V^ 2 2 + 4sin 2 (p/2) 



Uq 



2(1 -< 



(l-4t; 2 + 3t; 4 -(l-t; 2 ) 2 log(16) 



-«o [1 - log(16) + 3t; 2 (log(16) - 3)] } 



{u 2 (l + 3v 2 ) (log(16) - 3) + (1 - vlf (log(16) - 1) 



4(l-«o)(l-T;g) 
-«o(l - vl) [vl (log(16) - 3) + log(256) - 4] } 

"° [{l-vlY-u»{l-Zvl)] 



2(1 -< 



^2 = -^V 



M + 



(l-2u Q -vl){l-u -{l + u )vl) 



[l-u ){l-vl) 

The parameter e can be obtained from the expansion for J\ to be 

y/1 ~ U - V%J X + 2 (1 - Vl/d - U )) 



16 exp 



l-«o 2 



Using all of the above in the expansion for £ — J\, one arrives at 

16 sin 4 (p/2) 



E-J x = + 4 sin 2 (p/2) 



exp 



^ + 4 sin 2 (p/2) 
2 f Ji + 4 sin 2 (p/2)) 4 sin 2 (p/2) sin 2 (p/2)' 



(5.11) 



Jf + 4sin 4 (p/2) 
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It is easy to check that the energy-charge relation (15.111) coincides with the one found in [44|, 
describing the finite-size effects for dyonic GM. The difference is that in the string case the 
relations between £, J~i, J 2 and E, Ji, J 2 are given by 

2tt 2tt 2tt 

while for the M2-brane they are written in (15. 7\\ . 



5.2 The SS analogue 



Let us turn our attention to the SS analogue, when A 2 < (3 2 . The computation of the 
conserved quantities (13.71) and now gives 

2k((3 2 /A 2 



£ = 
Ji = 

J2 = 



1) 

2z+ 



K (1-^/4) 



y/1 ~ U 2 /U 2 

2z + u 2 /lu 1 



e (i - zi/zi) - LJ^!AA K (1 _ ^ /4) 



E (l 



y/1 ~ U)l/u\ 

gg/j 

y/1 ~ UJ 2 /U 2 Z + 



R 2 /uo 2 



/4) 

n 



l-z 2 _/z 2 + -K {l-z 2 _/z 2 + ) 



Our next step is to introduce the new parameters 



u = lj 2 /uj 2 , v = P/A, e^z^/z^, 

and to rewrite £, Jxi J21 Aifi in the form (15. 9p . The explicit e-expansions of the coefficients 
K e , . . . , are given as functions of u and v in appendix A. The e-expansions for u and v 
are the same as before. Now, the coefficients in these expansions can be determined by the 
condition that J\ and J 2 should be finite, 

2 J l Ji 



v 



V(J? - Ji) K - (J? - Ji)] 



u 



(1 - u )v 2 



{(n -lK 4 (l + log(16))-2 



4(m - 1)K - !)^o 
+ v 2 [3 + log(16) + Mo (log(4096) - 5)]} , 

v [1 - (1 - u )v 2 } [1 + 3u - (1 - u )v 2 ] 



v 2 



u [1 



4(1 -u )(v 2 - 
«oK] log(16) 



v 2 -l 



u 2 



u [1 - (1 - u )vl] 
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The parameter e can be obtained from A(fi as follows: 
e = 16 exp 



y/(l-u Q )v% - 1 



'0 



Aipi + arcsin 



Uo)v, 



Taking the above results into account, S — Aipi can be derived as 



e-A<p! = axa£nN(J 1 ,J 2 )+2(j?-J2) 



[4 - (J{ - Jf)] 



x exp 



2(J 1 2 -jj)N(J 1 ,J 2 ) 
(Ji 2 - Jlf + AJi 



[A^i + arcsin N(J U J 2 )] 



N(J lf J 2 ) = - [4 - (Ji 2 - Jl)\ 



4 



2' - - l " J ' J V [4 -(#-.#)] 
Finally, by using the SS relation between the angular momenta 



I. 



we obtain 



= VJ" 2 2 + 4sin 2 (p/2), 



£-A^=p + 8 S m -tan -exp ^- ^^^^ 



(5.12) 



(5.13) 



This is our final expression for the leading finite-size correction to the U E — A(p" relation for 
the membrane analogue of the SS string with two angular momenta. It coincides with the 
string result found in [39]. As in the GM case, the difference is in the identification ( 15. 71) . 



6 Concluding Remarks 

In this paper, by using the possibility to reduce the M2-brane dynamics to the one of the 
NR integrable system, we gave an explicit mapping connecting the parameters of all mem- 
brane solutions described by this dynamical system and the parameters in the corresponding 
solutions of the CSG integrable model. Based on this NR approach, we found finite-size M2- 
brane solution, its image in the CSG system, and the leading finite-size corrections to the 
energy-charge relations analogous to the ones for the GM and SS strings on R t x S 3 . 

An evident direction for further investigations is to consider more general membrane 
configurations, which could describe finite-size effects corresponding to GM and SS strings 
on R t x S 5 . i.e. with three angular momenta. One can also try to include the energy 



IS 



dependence on the spin S, arising from the AdS part of the full AdS± x S 7 background. 
Note however, that such general cases are not considered yet even for strings on AdS§ x S 5 . 

Another interesting problem is to find the M2-brane analogues of the semiclassical GM 
and SS scattering [37J HH EH]. To this end, one can use the established correspondence 
between the membrane solutions (14.131) . (14.141) and the CSG model. Alternatively, one may 
apply the dressing method as is done in [501 EH EH]- 
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A e-Expansions 

We use the following expansions for the elliptic functions 



n(n|l - e) oc 



K(l-e) oc 



E(l-e) oc 1-e 




(1 + 0(6)). 
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The expansions for the coefficients in (15.91) for A 2 > f3 2 are 

1-V 2 (1_ M )2_ V 2 



K e oc 



yjl-u-v 2 2(1-m)vT 



u — V 



2 



\J\ — u — v 2 \J\ — u — v 2 (1 — 2u — v 2 ) v 2 

11 K l^u 2(1 - u) 2 {\ - v 2 ) 6 ' 

(l-u)(l-v 2 ) u 2 v 2 

K12 oc 



1 — u — v 2 (1 — ti — f 2 )(l — f 2 ) ' 

a/u(1 — u — v 2 ) a/m(1 — u — v 2 ) (1 — 2it — f 2 ) w 2 

-f^2 oc 1 ; — — e, 

1-u 2(1 -w) 2 (l -v 2 ) 



K v i oc 



f (1 — 2u — v 2 ) v 3 



^/1-u-v 2 2(1 - u)(l - v 2 )Vl - u - v 2 
1 — u u (1 — u — V 2 ) 

K ^ K -^2 (1-^2 £ ' 

1 — it 2w (1 — W — f 2 ) 
K^a oc 1 — H — e - 

tr (1 — V )V 

The expansions for the coefficients in (15.91) for A 2 < j3 2 are given by 

v 2 -l v 2 (l-u) 2 -l 



K P oc 



y/v 2 (l-u) ~ 1 2^ 2 (1 -M) - 1(1 -«) 



/ t; 2 (l - u) - 1 yV(l - u) - 1 (1 + v 2 (2u - 1)) 
A 1 X 1 ' w 2 (1-m) 2 2w 3 (v 2 - 1)(1 -u) 2 C ' 



f 2 u 



Km oc 1 - e 



w 2 - 1 



_ > 2 (l-^)-l) M ^%V U (l + ^ 2 (2n-l)) 
A2 ' X i; v 2 (l-u) 2 + 2v 2 [v 2 - 1)(1 -u) 6 ' 
u 1 + v 2 (2u - 1) 

iv^i oc 



a/1 - 1/v 2 - u 2{v 2 — 1)\A> 2 (1 — w) — 1(1 — u) 
(l-v 2 (l-u))u 
v 2 -l 



K v2 oc 1 - u H — e, 



(iP'Vu \ 
l-^yje. 
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